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                         Abstract 
      The magnitude distribution of earthquakes is studied. If the empirical 
relation 
 n  (a)  8a  =  k  a-m  6a, 
between the maximum trace amplitudes a and the number of earthquakes n (a), 
found by  Isnimoro and IIDA, holds good at an observation station, then a 
similar formula 
 f  (A)  6,1  K  A--"4 
should be valid for the distribution of the maximum amplitude at a  hypoc.enter 
 A. This result is independent on the mode of amplitude attenuation by the 
wave propagation. Evaluation of the coefficient K is made for some special 
cases.
 I  n  troduction 
   The magnitude distribution of earthquakes is one of the most frequently discussed 
problems in seismology, and the distribution function for large earthquakes i  established 
by many authors. RICHTER [1] has introduced the "Instrumental magnitude scale" as a 
quantitative measure of magnitude.  GUTENBERG and RICHTER [2] have arranged a great 
many earthquakes according to the instrumental magnitude scale, and have obtained the 
following relation between the annual number of earthquakes and their magnitude  : 
                      log N  (Mt) = a + b (8 —  MI)  , 
where  Mi is the instrumental magnitude,  N(1111) the annual number of earthquakes, of 
which the magnitude is between  MI — 0.05  MI and  MI + 0.05  Mi, and a and b  represent 
numerical constants. The value of b, obtained by GUTENBERG and RICHTER, is nearly 0.9 
both for shallow earthquakes with the magnitude larger than 6, and for the earthquakes 
occurring in the vicinity of California having the magnitude between 4 and 6. 
 KAWASUMI [3] has defined a different magnitude scale, based on the intensity of 
earthquake motions in the Japanese C. M. 0. scale at a station 100 km away from the 
epicenter. The relation on the magnitude distribution of earthquakes in Japan and her 
vicinity, is studied by  KAWASUMI [3],  TsuBoi [4] and some other authors [5]. The result 
obtained agrees fairly well with that established by GUTENBERG and RICHTER, even the 
 numerical value of the constant b being identical. 
   However, the earthquakes in thesecases are  rather  large  : the formula of GUTENBERG 
and RICHTER is based on the earthquakes of magnitude larger than 4 in the instrumental 
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magnitude scale, as stated above, and that of the  .1  apanese authors refers to those of 
magnitude larger than 4 in KAWASUMI'S scale.  Recently KAWASUMI  [6] has shown that 
the  formula is true for smaller earthquakes occurring in the vicinity of Tokyo. Very few 
investigations have, however, been done on such small earthquakes. This situation should 
probably ascribed to the fact that the observation of these small earthquakes, which are 
usually the aftershoks of a great earthquake, or swarm earthquakes, is performed only at 
a few stations, including even temporary ones set for the special occasion, and therefore, 
the high accuracy in determiantion of magnitude, which is indispensable for such study, 
is  very difficult to obtain. 
    This unfavorable circumstance has made us to approach the problem by different 
method of determination of magnitude distribution. In this case we tried to  estimate. 
the magnitude distribution itself, instead of the indi\ idual magnitude of each earthquake. 
This method will  be studied in the first part of the paper, and later the result  obtained on 
the actual magnitude distribution of small earthquakes will be disscussed. 
                  Chapter I  I  SHIMOTO-  I  IDA'  s relation 
    1)  IsximoTo and IIDA [71 [8] [9] have carried out the observation of small 
earthquakes in the Kanto District of Japan during the period of  1935-1938. The 
seismometer used was of a type designed by the senior author [10], its natural period 
being 1 sec., and its geometrical magnification 370. The observation was made at two 
stations of Mitaka and Hongo, Tokyo, and the number of observed earthquakes amounted 
to 1870. Based on these data, they found that the number of earthquakes regularly 
increases with decreasing maximum trace amplitude. Thus, if a is the maximum trace 
amplitude of an earthquake, and n(a) is the number of earthquakes of which the maximum 
trace amplitudes are between a and  a+Sa, the relation is expressed as 
 n(a)  Sa =  k  a—m.  Sa  ,
where  k and  m are numerical constants. This is called the  "IsmmoTo-IIDA's relation" 
between the frequency and the maximum trace amplitude of earthquakes. The numerical 
values of  k, and  m in their case were 
 k  =  520 and  m= 1.74. 
    Of course, the  ISHIMOTO-IIDA'S relation does not directly show the magnitude 
distribution of observed earthquakes. For example, the same relation may hold at an 
observation station if all the earthquakes have same magnitude, as shown by MATUZAWA 
 [il]. However, this is a special case, and seems not valid in the actual case. As will be 
described below, we can deduce the magnitude distribution from the observed  IsHimoTo-
Iida's relation under certain assumptions, which are so general that the application to 
practical cases is reasonably permitted. 
   2) The maximum amplitude of an earthquake at its hypocenter may be used as a 
measure of magnitude of the earthquake, and is denoted by A in the paper. If we consider 
a limited volume V involving all the hypocenters of the observed earthquakes, the volume 
can provisionally be called "the seismic region".  The restriction "limited" is not necessary 
in mathematical treatment, except when the convergency of integral is taken into
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consideration. It may he natural, however, that a  seismic region under the control  of 
one distribution function  i taken to be finite for such small earthquakes as in the present 
case. 
   The distribution  function of A is expressed by  f(A). The number of earthquakes 
occurring in a volume element  dV,  of which the maximum amplitudes are between A and 
 A is expressed by the following  formula  :
 f  (A)  N  (P)  SA  dV  ,  ( 1) 
where  N  (P) is the total number of earthquakes occurring in a volume element  dV, centered 
at a point  P. Hence the number of earthquakes n(a), with the maximum trace amplitude 
between a and a  +  Sa is written by 
 n  (a)  Sa  f  (A)  N  (P)  AdV  . (2) 
   The amplitude of earthquake motion decreases as the sesimic wave is propagated 
from the hypocenter to an observation station. It is usually assumed that the atte-
nuation of amplitude by the wave propagation depends only on the distance between the 
hypocenter and the observation station. Therefore, in our case, the attenuation is 
considered as a function of the point P for a fixed station. The latter assumption is 
more general than that in usual cases. Thus the relation between the amplitude at the 
hypocenter A and the observed amplitude a is expressed as 
 a  =  g  (P)  •  A  . (3) 
Inserting this relation into Eq. (2), we get 
              n(a)Sa=  [v  f  (A) N (P) g (P) dV  3a  . (4) 
   3) On the other hand, if the  ISHIMOTO-IIDA'S  rea]tion holds at the observation 
station, n(a) is experessed by 
 n (a)  Sa  ka—niSo . (5) 
For the sake of simplicity, the exponent  m is assumed to be a rational number, say 
 ni—q/p, where and q are  integers  .
Putting 
                                            1
                         u —A P and f (A) = F  (u)  , (6) 
we obtain 
              n(a)Sa v F (u) N (P) g(P)  di/18a  . (7) 
   If  f  (u) is a continuous function of u, we may  expand  f(u) in LAURENT  series  ;
 F  (u)  / (8) 
 i-1 
Inserting this into Eq. (7), and considering Eqs. (3) and (6), we get 
    di                n (a)Sa----Eai.rN(P)-ig (p)}i /P." •  dV . (9) 
                        /P                                      i
=1
   Oti-s- pt. 
      Fig. 1. Schematic Illustration 
         of Case 1. 
If g(P) is assumed to be 
the expression for K becomes
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The bracketed part in the above expression is  independent of the amplitude a, and 
therefore we obtain the following relation, comparing Eq. (9) with Eq. (5). 
 cci=0 when  . 
Hence, f(A) should be written by 
                    f (A) —KA"' where K = ccm . (10) 
    The above relation shows that, when the IsmmoTo-IinA's relation 
                            n (a) Sa = k•a—ni Sa 
holds at an observation station, a similar equation 
                     f (A) SA =K• SA 
should be valid for magnitude distirbution in the seismic region concerned and the values 
of the exponents m in both equations are equal to each other. Moreover, this result 
is independent of the mode of amplitude attenuation by the propagation of seisimic 
waves g(P), and the distribution of number of earthquakes in the seismic region N(P). 
   4) The  coefficient K in f(A) is not so generally expressed as the exponentm. We 
must introduce further assumptions in order to obtain the expression for K, that is, the 
functional forms of N(P) and g(P). However, the coefficient K is not an essential factor 
to describe the distribution of earthquake magnitude because it depends on the seismicity 
of the seismic region considered and the length of period of observation. Hence we 
cannot directly compare a numerical value of K in one case with that in another. In this 
paper some examples are given under special assumptions for N(P) and g(P). 
    From Eqs. (4), (5) and (10), we get 
            K k 1 N (P) (P)pt dV (11) 
The number of earthquakes is assumed to be distributed uniformly in the region  V, then 
                     K k / N {,g (P)}144-1dV                                   (12)
                                 Case I. The case shown in Fig. 1 will be 
                     -Set S71"e by two straight lines diverging from the                                   discussed a  first. The seismic re ionis bound d
                          git. 0 7?  observation point and two circular  arcs centered 
 61 at the same point, the thickness of the region 
 being h, then Eq. (12) is written in cylindrical ot s. . 
                                  coordinates (r, 0, z) as 
      ig. . chematic llustration 
    f ase I.  K  k  /  N  5v  kg  (P)}"'+'  r  dr  dO  dz  .
g(P)  -----  dI  ri
     A STATISTICAL STUDY ON THE OCCURRENCE OF SMALL EARTHQUAKES I 181 
 dm÷i               K k NM -7
DK-m-1 dr  - ks / Nd'n+lk0-(rrsr2-1- , 
        r where s 1  (m4-1) — 2 
If g(P) is given by 
 g  (P)  d  , 
the expression is 
                         K = 12k/Ndn'+' ME  , 
where 
 E  (lr  +  1)1  71and  1 s  (m  +  1)  . 
 t'2 
Case II. The seimic region is taken as a 
spherical domain as illustrated in Fig. 2. The  /,
expression in polar coordinates of Eq. (12)  is 
 K-kIN  (P)r-F1-r2  sin  Odrd04 
The functional form of g(P) is assumed to be  S'ec  .3-777 
       g (P)  = (d  R)'  , Fig.
where R is the distance between the observation 
station and a point P in the seismic region. Then 
                   K =---- k IN ds E , 
where s = 1  (m+1)  ,
and  •  E ..0v  R--s r2 sin 0 dr  d0  dy9  . 
E is easilly calculated as follows  ;
when 1  (In+  1) =  1 
                              E 47r  3G/3  ,
when 1  (m-F1) = 2 
                   E =  2nr0  (a2—ro2)/a  • log  (a-I-
when 1  (m-I-1)  = 3 
                         E  --=27r log  (a+rolaro) —  47tr 
when  1  (m+1)  -=  4 
                      E = 471-ro/(a2-702)  271-(a+r0)/a 
when 1  (m+1) has another value than those mentioned a 
          E=  2  .7r  /  a  (s  - 2)  [a  {(a  ro)3'  -  (a  +  ro)?- 
               -  {(a  roy-4 - (a -  r0)s-4} / s 4]  . 
   5) Thus we can obtain the magnitude distribution  fr 
by the observation at only one station, even when the 
earthaquake cannot be determined. Before treating  the 
tions used in the above deduction will be considered.
Sec  C  rep,  on 
 Fig. 2. Schematic 
      Case II.
l +ro/a—ro)  , 
   n. ±   aro) ola  ,
rro/(a2-702)  r(a+r„)/a(a—ro)  , 
 !r bove, 
(  )  F   (a —  r  0)3--s — (   ±  r )2—s} / (  — 3)
 Opt
Illustration of
om the  IsHimoTo-InrA's relation 
 t  individual magnitude of each 
e actual examples, the assump-
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   The expression of earthquake number by Eq. (1) may be accepted for the statistical 
treatment of small earthquakes,  lecause the seismic region in such cases is small 
corresponding to their magnitude, and the number of earthquakes is large. In the 
previous discussion it is implicitly assumed that the phases of seismic waves which 
give the  maximum amplitude are same for all earthquakes. This assumption is valid in 
actual cases treated in the later part of this paper. The phase giving the maximum 
amplitude is usually the S phase for such small earthquakes, if they are observed at a 
distance of some ten kilometers from the epicenter. 
   Other assumptions for the validity of Eq. (10) are very general. Therefore we can 
apply the 'formula for practical examples without any consideration on the actual condition 
of earthquake  occurrence  ; for instance, the local effect on the attenuation of amplitude by 
the difference in the location of seismic region or observation station. This simplicity is 
mainly due to  the condition that the  IsinmoTo-IIDA's relation is of the form expressed 
by a single term of  (--m)th power of A. Whether or not  this relation always holds in 
actual cases will be studied in the second part of this  payer. 
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